This paper examines the relative pricing performance of the Asay (1986) futures option pricing model on the All Ordinaries Share Price Index Futures Call Option contract over the period January 1993-September 1995. A dataset of 8,092 matched tick-by-tick transactions in SPI future options is examined, and the Asay model is used to generate pricing estimates for the options. This theoretically derived data is then compared against the real price data, and pricing anomalies are observed. Pricing biases are categorised in terms of time to maturity, and examined in terms of unit error and absolute percentage error. Conclusions are drawn as to the relative efficiency of the model with regard to systematic errors.
Introduction
The Sydney Futures Exchange offers a put and call option on the All Ordinaries Share Price Index (SPI) futures contract. This contract is an American-style contract, that pays no dividends and is marked-to-market at the close of business each trading day. The contracts are written to mature in each quarter (March, June, September and December) and to a maximum time-to-maturity of 18 months. These contracts mature on the last trading day of the month of expiry, at which point they are cash settled. The value of the option is marked to market each day, and gains and losses collected. Almost 20,000 SPI futures and options contracts are traded on the SFE each day, and the contracts are one of the most liquid derivative product in the Australian market. The contracts are priced at $25 times the number of points of the contract. The contracts can be traded both during normal day trading sessions, and also may be traded overnight. 1 This flavour of futures option, the pure futures option, is found on the Sydney Futures Exchange (SFE), and the London International Financial Futures Exchange (LIFFE). The SFE offers futures options on a range of products other than the SPI index futures, including options on 90-day Bank-Accepted Bill futures, options on 10-year and 3-year Commonwealth Treasury bond futures, options on Dow Jones AP/ELS Australia Index futures, as well as options on a range of commodity futures, such as greasy wool futures and wheat futures. The LIFFE trades a range of futures options on products such as the British Pound and the UK treasury bond ( or "gilt").
Since the recent changes to the All Ordinaries index, and the branding of several products under the S&P name, the S&P/ASX 200 will be the basis for the SPI futures contracts traded after May 2000.
Literature Review 2.1 The Futures Option -Early Work
The futures option presents a number of interesting pricing issues due to the nature of the option. As a futures based product, it is marked to market on a daily basis, removing any need to factor an interest rate component into the calculations of price. This is why the SPI index futures option is known as a "pure" option. The Asay (1982) 
The model makes a number of assumptions, these being 1. All transaction costs are ignored 2. Markets are free of costless arbitrage opportunities 3. The short-term risk-free rate is constant over time 4. The instantaneous futures price change relative is a stochastic process
Note that this implies the value of the option relative to the futures price is lower than the value of the option relative to the physical commodity, as the futures price already reflects the carrying charges inherent in the cost of the physical commodity.
Asay takes the Black model a step further. The futures option contract is marked to market on a daily basis, and hence no premium flows from the purchaser to the seller immediately. Asay shows that there is a convergence of the initial premium to the settlement price at expiration.
Since risk-free hedges may be created between the underlying futures contract and the option, the interest rate component has no influence over the pricing of the model and so can be written as
with d 1 and d 2 as given by the Black model in (2) above. Asay states that the underlying commodity, the futures contract, provides pure financial leverage to the cash commodity while the futures option provides pure insurance. The futures option contract also provides a vehicle for complete integration of options with the futures market.
The Pure Futures Option -Australia
Asay discussed the features of the futures option contract, particularly the fact that the interest rate component e -rT could be omitted from the equation due to the fact that risk free hedges between the futures contract and the option can be established with no investment of funds, thus eliminating the need to factor in the holding cost of these funds. This "pure" option concept 2 is particularly applicable to the SPI future option contract, which is marked to market daily and does not require the purchaser to pay the option premium at the time of establishing a position.
The naming convention "pure futures option" will be used to denote options with futures-style markingto-market, while "conventional futures option" refers to the style of futures option found in the US and other markets which does not have this margining requirement. Lieu (1990) shows that because it will never be optimal to exercise a pure American futures option early, its value will be that of a pure European futures option, and its price will never fall below the intrinsic value of the option. Hence we can model the pure American futures option, such as the SPI futures option, as a European option with a lower bound of the intrinsic value of the option. Lieu also points out that the futures-style margining properties of the pure futures option turn the option into a futures contract on a stock-style option, as was discussed by Duffie (1989) . Chaudhury and Wei (1994) further show that the pure futures option price is in fact an upper bound of the conventional American futures option. The bounds of the option can be described such that
where T is the date of expiry.
The Conventional Futures Option -United States
There is no equivalent US based product to the pure futures option, and hence most literature addresses issues in the US conventional futures options market. The conventional futures option contract does not have a margining requirement, and it requires the purchaser to pay the option premium when the transaction is initiated. This premium is then credited to the account of the option seller, who must maintain the margin account against the value of the option over time. Whaley (1986) examined the conventional futures option, again starting with the modified Black (1976) model for European conventional futures options, and progressing through to a valuation of the American style conventional futures option. This work drew attention to the early exercise premium of the American conventional futures option, which was found to have a significant effect on pricing for in-the-money options.
Further work based on the conventional futures option was done by Barone-Adesi and Whaley (1987) . This work proposed a model to approximate the value of the American conventional futures option, taking the early exercise premium into account. This model is based on Macmillan's quadratic approximation of the American put option on a non-dividendpaying stock, after eliminating the component representing the cost of carrying the underlying commodity, since there is no cost of carrying a futures position. The model developed was, at the time, the most computationally efficient model implemented, while providing a good level of accuracy.
Improvements in conventional futures option pricing models continued throughout the late 1980s and early 1990s, with particular emphasis on the development of computationally efficient models, that would trade accuracy for computational speed. Chaurdhury (1995) proposes four methods to value American conventional futures options, which retain the closed form, analytic nature of the Black (1976) European futures option valuation, and allow a more computationally efficient solution to the pricing problem. Of particular interest is the application of futures options to estimate implied volatility of spot options, due to the liquidity of the market and the lack of dependence of the estimation on yield on the spot asset. Chaudhury's four models offered fast, accurate and efficient calculation methods that could be used by practitioners in preference to the modified Black (1976) model. The multiplicative valuation framework that these models used also showed that marking-to-market a European futures option was more valuable than either adding the early exercise premium, or markingto-market an American futures option. The methods could also be implemented as a group depending on the moneyness and maturity characteristics of the option, as it was shown that the different models performed best under different situations. It was also shown that they produced preferable implied volatility calculations to the modified Black formula, as they did not contain the upward bias in estimates that is evident in the modified Black model.
However, the advances in personal computing power in the latter part of the 1990s has eliminated most of the need for more computationally efficient solutions. As a result, little progressive research has taken place in the area of futures option pricing since the mid 1990s.
Implied Volatility
While not the focus of this study, the choice of methods to determine the volatility measure used in the Asay calculations impacts on the final outcome. The Asay model assumes continuously compounded rates of return, following a normal distribution pattern with a constant mean and constant variance at some point in time. This variance is then extrapolated to produce an estimate of volatility over the remaining time to maturity of the contract. The volatility input to the equation is an important component to determining the final outcome, and there are many studies that examine and contrast implied volatility measures.
Historical volatility is often used as a proxy for volatility, based on the assumption that the events of the past are likely to influence the events of the future. Hence the historical volatility can be seen as a way to predict future volatility movements. However, the historical volatility does not compensate for changes in volatility levels through time. If the level of volatility remains stable, then the historical volatility will be a good proxy for future volatility. However, should the volatility become unstable, then the historical volatility will not be an effective proxy for future volatility.
Implied volatility is a method by which the volatility is determined from a model, using actual pricing data and working backwards to determine the volatility from the other known parameters of the function. Research 3 has found that the use of an implied volatility measure generates better predictions of future prices than historical volatility. The Asay model, and futures options, are widely used in industry as a method to calculate the volatility of the underlying futures contracts. There are several methods that can be used to calculate the implied volatility from transactions in the futures options market. The previous nearest-to-themoney trade can be used to generate a volatility that may then be used as the measure for subsequent estimations. The average volatility for the previous days trades can also be used, and there are variations on this theme, such as the weighted-average implied volatility. Using an average does not take into account the efficiency of the pricing model, and puts equal weighting on badly mispriced options as it does on efficiently priced options. Using a weighting system, which biases the average toward the efficiently priced options, should help to minimize this effect. Beckers (1981) showed that using the nearest-to-the-money option forecast future volatility as well as any of the several weighting methods he examined, and other research has looked at other ways to weight and estimate implied volatility.
Methodology
The futures and futures option datasets were initially loaded into Microsoft SQL Server, a database program used widely in the IT and internet industries, which is designed to perform fast processing on large quantities of data. The data was sorted and a query that matched the transactions based on timestamp, using an iterative loop that proved too computation intensive for the machine being used 4 . A faster but more labour-intensive method was used to systematically work through the time differences in transactions until the window of 60 seconds either side of the transaction had been covered. A lag relationship was given priority over a lead relationship for the same timestamp difference, i.e. a futures transaction occurring 3 seconds prior to the option transaction was matched before a futures transaction occurring 3 seconds after the option transaction 5 . The resulting data file, containing the futures transaction price, the futures option strike price, the futures option transaction price, and the time to maturity of the futures option was then used for subsequent calculations.
Due to the heavy focus of this project on numerical calculations, a widely-used Engineeringstyle software program, Matlab, was used to analyse the data. Matlab provides a wide range of functionality that has financial analysis applications as well as engineering applications.
The resulting software was developed over several weeks and examples of this software can be found in the Appendix. Matlab provides an ideal foundation for the mathematical and analytical calculations while the SQL database allows the complex SQL statements to be run over a large quantity of data.
Implied Volatility
Implied volatility was calculated by a Matlab function 6 using an iterative loop to solve for
where C is the calculated futures option price (using the Asay model) and P is the actual price of the transaction that occurred
The process is seeded with a high volatility measure of 1, and a low volatility measure of 0. Having seeded the model, the high and low values are used to calculate the Asay price. If the difference between one of the Asay calculations and the actual transaction price is less than 0.00001, the calculation is determined to have reached the desired level of accuracy and becomes the volatility measure. Otherwise, the loop iterates through a series of calculations 4 Pentium 233 MMX with 64M RAM 5 The issue of preferential treatment of lead and lag relationships is discussed in the final section. 6 See Appendix A against the average of the high and low values, and reassigns the high and low values according to the difference between their results and that of the average with respect to the actual option price.
The implied volatility values were then used to calculate the Asay model prices for the following days trade in that specific contract using one of two methods:
1. An average implied volatility (AIV), based simply on the average implied volatility for each trading day, was calculated, and this matched to the next day's transactions to be used to calculate the Asay expected price.
AIV = Σσ i
Asay(F t ,X t ,T t ,σ t ) = Asay(F t , X t , T t , AIV t-1 )
2. The implied volatility of the option nearest to the money (NMIV) was also determined, and this was likewise matched to the next day's transactions to be used in Asay expected price calculations. NMIV = σ i for the transaction where F-X ⇒ 0
This method of estimation poses some problems due to thin trading issues when futures options are particularly long dated. In some instances, the futures option may be traded only once in an entire week. This makes volatility estimations particularly difficult. A number of papers 7 have solved this problem by using only short-dated, regularly traded options. However, this study of longer dated options is interesting, since we know that the futures options are often relied upon to calculate implied volatility for the underlying futures contract. Any mispricing effect present in long-dated options will detract from the accuracy of the implied volatility measurement.
A Matlab function
8 was then used to match the implied volatility measures with the following day's transaction. 7 Brown and Taylor (1997) 8 See Appendix B
Pricing Errors
The data file containing futures trade price, futures option strike price, futures option trade price, time to maturity and volatility measure was run through a Matlab function that calculated the Asay price (AP) for each data set and determined the pricing errors for each calculation based on the actual price of the futures option transaction (OP).
The pricing error measurements used were:
MPE -Mean Pricing Error
This is the sum of all pricing errors for the data set, divided by the total number of transactions in the data set, to give the average pricing error.
2. MAPE -Mean Absolute Pricing Error This is the sum of the magnitude of each pricing error, divided by the total number of transactions in the data set, to give the average absolute pricing error. MPE = 1/n * Σ abs(OP n -AP n )
MARPE -Mean Absolute Relative Pricing Error
The absolute value of the pricing error expressed as a percentage of the actual transaction price. MARPE = 1/n * Σ (abs(OP n -AP n )/OP n )
MEDARPE -Median Absolute Relative Pricing Error
This is the median of the absolute relative pricing errors. An array of the MARPE values is created and the median for this set determined.
Additionally, the number of positive errors (i.e. OP n -AP n > 0) is also recorded.
Data
The dataset used for this thesis consists of tick-by-tick transactions for all SPI futures and SPI futures options contracts traded between 1 st January 1993 and 31 st August 1995. This gives a dataset of 11,777 futures call options transactions, and 526,849 futures transactions with details of exact date and time of the trade to seconds, strike, price, contract year and month of expiry. The futures dataset was matched with the futures options dataset such that the SPI futures option transaction was matched to the nearest futures transaction within a 60 second window either side of the futures option transaction.
The potential data set contained 8144 matched transactions. Of this set, only 16 transactions were matched for contracts dated 12/1995, and so these were discarded. 11 transactions were dated 12/2004 and 12/2005. These transactions all occurred on the last trading days of 1994 and 1995 respectively, and would appear to be the result of a computer glitch. While they may have been valid trades for the 1994 and 1995 years, and were simply incorrectly dated, these trades were discarded as this could not be confirmed. 22 pairs were removed as they contravened arbitrage bounds such that C <= F-X This left a dataset of 8,092 transaction pairs that were then split into groups according to their maturity date. These maturity groups ("calls") were then split into sub-groups, with a group consisting of trades with greater than 3 calendar months to maturity ("long"), and trades with 3 or fewer calendar months to maturity ("short"). No "long" dataset was available for the 3/1993 contracts as suitable transactions occurred before the start of the data set. Tables 2 and 3 show the pricing metrics obtained from the AIV and NMIV calculations respectively. A greater pricing error was found using the NMIV method to calculate implied volatility. In the case of the NMIV calculations, the MPE shows clearly that the Asay model consistently overpriced the futures option. The MARPE shows that the option was overpriced by 11.87% in the case of the AIV calculations, and by just over 13.61% when using NMIV. This overpricing appears to be systematic in the case of the NMIV calculations, as negative pricing errors persist over the entire sample period. This bias is more evident in the case of NMIV calculations, where 4744 out of 8076 transactions were negative, or 58.74%, while 4286 out of 8076 transactions, or 53.07% of the AIV calculations were negative. The median percentage pricing error lies at 5.84% for AIV calculations, and 6.64% for NMIV calculations.
All Call Options
Graphs of time-to-maturity vs. implied volatility for both the AIV and NMIV can be found in Appendix F and Appendix G respectively.
Short-Dated Call Options
Tables 4 and 5 show the pricing metrics obtained from the AIV and NMIV calculations for short-dated futures options. The short-dated contracts are considerably more liquid than the long-dated contracts, and it would be anticipated that they would reflect an improved degree of accuracy in the Asay model calculations. The mean pricing error is reduced in the case of the NMIV calculations, but the AIV calculations actually show an increase in pricing error.
The percentage of options overpriced by the AIV model has not changed substantially -from 53.07% for the all contracts sample, to 53.08% for the short contracts sample. While the mean absolute percentage error has decreased slightly, from 21.86 to 20.66, the mean absolute percentage error has increased slightly, from 11.87% to 11.91%.
The shorter dated sample has improved the performance of the NMIV model. The mean error has reduced from -5.28 to -4.59, and the absolute error has likewise reduced from 24.75 to 23.47, both of which are substantial improvements in performance. The percentage error has also fallen, from 6.63% to 6.61%, and the percentage of overpriced options has fallen from 58.74% to 58.19%. Inherent in this study is the problem of thin trading bias in long-dated contracts. However, the long-dated contracts yield some interesting information. While the NMIV model becomes less accurate in pricing the contracts, the performance of the AIV model actually appears to improve. There is a less significant bias toward overpricing the longer-dated contracts, with 52.92% of values being overpriced, compared to more than 53% with the shorter-dated contracts. Likewise the mean absolute pricing error decreases from 11.91% to 11.28%. The mean absolute pricing error is significantly larger, at 34.12 compared to 20.66 for the shortdated contracts, and the mean pricing error is likewise larger, and now positive, at 0.45 compared with -0.21 for the short-dated contracts.
Long-Dated Call Options
The NMIV model's performance has deteriorated significantly, with 64.34% of calculated values overpricing the option. The mean absolute relative pricing error has increased from 13.58% for the short-dated contracts, to 13.86% for the long-dated contracts. The mean pricing error is -11.95, compared with -4.59 for the shorter contracts. The mean has also increased by 0.011, from 0.066 to 0.077 .
Analysis
The results of the long-dated contracts are perhaps the most interesting in this study. It would be expected that the difference between the AIV and NMIV calculations would not be so great. Since there are fewer transactions occurring, and on many days only one transaction has been matched, the average is likely to be identical to the near-money value. It was anticipated that there would not be such a significant disparity between these two measures. It was also anticipated that, as the time to maturity increases, the accuracy of pricing and volatility calculation would decrease, and there would be an increase in the mispricing of the contracts. The AIV model shows that this is not the case, and actually performs better percentage-wise than in the case of short-dated contracts. This would indicate that the average volatility is perhaps more consistent over time when some distance from the expiry date.
The average implied volatility measure was consistently better in estimating the model than the volatility taken from the nearest-the-money option. In each c ase the magnitude of the mispricing was lower, and the total number of options that were overpriced were fewer.
Throughout the sample, the Asay model was significantly biased towards overpricing the futures option contracts. This was not anticipated -in fact, Brown and Taylor (1997) found that the Asay model, when run over a subset of the data used in this study (1 June 1993 to 30 June 1994), showed little pricing bias over very short-dated options (T < 30 days), with some overpricing evident in longer-dated options (30 < T < 90 days). This study was limited to options within the "short" period of this study -options 3 calendar months or less from their expiry date. Table 8 shows the results obtained in this study for the subset analysed in the Brown and Taylor (1997) . Brown and Taylor used the nearest-the-money option from the previous trading day to calculate their implied volatility measure. Interestingly, the difference in the findings is significant. The findings of this study show a significant bias over this time period toward overpricing of the model, while Brown and Taylor found the model to be overpriced, with a mean error of -0.2776, and mean absolute percentage error 9 of only 13.14%. This study contains substantially more matches in its sample over the same period -Brown and Taylor made only 2453 matches over the same time period. The major methodological difference in these studies is the pairing of the data. Brown and Taylor focus on a purely lead relationship between the futures trade and the option trade -the match is made to the option trade most closely following the futures trade. This assumption of a lead relationship, assuming that this is the major variation in methodology, appears to give a smaller level of mispricing.
To further analyse the Brown and Taylor findings, the June 1993 -July 1994 data was rematched in the manner of their study -each futures option trade is matched with the nearest occurring futures trade to within a minute after the futures option trade. The data was then analysed using the NMIV method as per their paper. The level of error is very similar to that found in the full analysis, despite having fewer matched transactions. The MAPE of 29.5% is very close to the MAPE of 27.8% found with the larger set, and the MARPE of 15.6% is only slightly larger than the previous finding of 15.5%. The existence of an outlier in the March 1994 10 NMIV calculation may cause some degree of error, although this was not remarked upon in their study and has not been removed for the purposes of this paper. Overall, there has been a very slight decrease in the accuracy of the sample. This contrasts significantly with the Brown and Taylor study. Not only did they match fewer transactions, but their mean absolute percentage error is somewhat lower at 13.14%. Further examination of their work to determine the actual cause of these discrepancies is warranted. The simple matter of the different number of transactions between the data sets is of concern in itself.
Conclusions
This study has examined the mispricing effects of the Asay pure options pricing model on the SPI futures call option contract traded on the Sydney Futures Exchange between January 1993 and September 1995. The study found that there is a systemic bias in the model towards the overpricing of the futures option contract, and that the level of this overpricing is exacerbated when using near-the-money implied volatility measures, particularly on long-dated futures options. The use of an average volatility measure improved the performance of the Asay model on long-dated futures options, a result that merits further investigation, particularly when considering the increased frequency of use of long-dated options as compared to the use of long-dated futures contracts.
A number of issues have been raised during the course of this paper, that were outside the scope of the paper and hence have not been investigated in any detail. These issues are highly relevant to the study of futures options, and would make for interesting further research. The following is an outline of these areas, with a brief rationale for the interest that they may provoke.
Lead/Lag Relationships
When matching the time stamped data, the focus of the matching process was on the nearness of the futures transaction to the futures option transaction, with little priority being given to whether a lead or lag relationship existed between these transactions. Only a small sample of the data was examined using a futures option transaction lead relationship, in order to contrast findings with those of Brown and Taylor (1997) . A more detailed comparison of the effects of lead and lag relationships on the pricing effects of transactions would be a worthwhile investigation for a future date.
It would be interesting to refine the selection of time matched transactions further, and compare the pricing effect of matching futures transactions occurring before the futures option transaction, and compare that to the price effect of matching futures transactions occurring after the options transaction. This would illustrate better the lag effect of the futures transaction, should one exist. The fact that implied volatility is often calculated from the futures option transaction, and then used to price futures, may also show some lead effect from the futures option transaction to subsequent futures transactions. An investigation of futures pricing based on differing lead/lag pricing methods for futures options would be worthwhile.
Long-Dated Futures Options
Several issues have been raised in the Data section regarding the difficulty of assessing the pricing effects of long-dated options. A major issue is the relative lack of liquidity of both the options and the futures underlying the option contract.
It appears from the trading data that there is a lack of liquidity in the long-dated futures market. The vast majority of trades made are in the short-dated futures, and often days will go by without a trade being made in a futures contract that still has 12-18 months to expiry. However, the market for the futures options is much more liquid in the long-dated contracts. While the total number of options transactions is significantly lower than the futures, there are many occasions when there will be several transactions in a long-dated futures option contract on a day, without there being any transactions in the long-dated futures contract on that same day 11 . This results in many futures options transactions failing to be matched with a futures transaction that occurs within the two-minute window. Intuitively, this is a sensible proposition -there is less certainty about future events, so an option is a preferable product to the straight futures contract for longer-dated contracts. Further study would match the futures option transaction with the closest futures transaction, without reference to a window of time, or a window significantly larger than that used for this study. Similar mispricing analysis would then be possible.
The differing use of long-dated futures contract and futures options contracts also raises some interesting questions about the effectiveness of the respective products for hedging portfolios. Further study in this area is possible.
Implied Volatility Calculation
There are a number of ways to calculate implied volatility 12 . The methods used in this paper is widely accepted in practice, however there are several other methods that would bear investigation.
Historical volatility analysis could be used to calculate the implied volatility. This is a traditional and accepted method, and has the benefit of being independent of the models used for valuation 13 . This is particularly valid in the case of futures options, where the Asay model is widely used to generate implied volatility, and is also used to mark the contract to market. While substantial research has shown that implied volatility measurements are preferable to historical volatility measurements 14 , there is potential to examine this aspect of the pricing model more closely.
Implied volatility can be estimated using several techniques other than that used in this paper. These include weighted implied standard deviation methods, and methods involving variations on the moneyness of options. A comparison of mispricing effects under a more extensive range of methods of implied volatility calculations would be another area for further work 15 . 
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